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Problem 4.61

Find the matrix representing S, for a particle of spin 3/2 (using as your basis the eigenstates of
S.). Solve the characteristic equation to determine the eigenvalues of S, .

Solution

A particle with spin 3/2 has s = 3/2, which means ms = —3/2 or ms = —1/2 or mg = 1/2 or
ms = 3/2 (Equation 4.137 on page 166). Spin eigenstates are denoted by |smy); with this in
mind, there are four possibilities.
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then the general spin state for the particle can be written as

A

1 0 0 0

B 0 1 0 0

X=1lal=Algl T Blo| +C 1| +P || =4x1 +Bxa+Cxs+ Dxa,
D 0 0 0 1

where (x|x) = x"x = |A|? + |B|?> + |C|? + |D|?> = 1 because the spinor must be normalized. Use
Equation 4.135 on page 166 to determine the matrix equations involving S2.

S2|sm)

B2s(s +1)|sms)
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S2
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1\ 15K
2/ 4
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22/ 4
-3\ _ 151"
2/ 4

These four matrix equations yield a system of equations for the matrix elements of S.
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15h2
S2Xl = TXl
15h2
S*x2 = X2
15h2
S*xs =~ X3
15h2
S*xa =~
al] = 15h2/4
agl — 0
az1 =0
aql = 0
alp = 0
a9 — 15h2/4
aszg — 0
ags =0
(CL13 = 0
as3 =0
az3 = 15h% /4
a43 — 0
a14 = 0
agy = 0
az4 — 0

@44 = 1507 /4
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Therefore, using ‘% %> and ‘% %> and ‘% %1> and }% %3> as a basis, the matrix representing 52 for
a particle of spin 3/2 is

1000
gz_ 15R7 10 1 0 0
4 10010
0001

Use Equation 4.135 on page 166 to determine the matrix equations involving S,.

o |33\ _8n[33 3
22 2122 SzX1:?X1
31 h|31 5

S, == )Y==|=2 -
22> 2‘22> S:X2 = 5X2

S.|sms) = hms|sms) — =
o[\ _ 3 Gy
3h

S, E :_@ 33 SzX4=—?X4

2 2 212 2

These four matrix equations yield a system of equations for the matrix elements of S,.

( [a11 a2 a13 ag] 17 1 [aq1] 1 (a1 = 3h/2
azt az a3 a| (0| _ 3h |0 o e _ 3h |0 I 0
azr azz azz ass| |0 2 |0 asy 2 |0 a1 =0
laa1 a4z asz asa| |O] 0 | a1 | 0 g = 0
fa11 a1z a3z aig] [O] 0 (1] 0 (a12 =10
azgt az azs ax| |1} _ N 1] 21 h 1] L Jam= h/2
azr azz azz ass| |0 2 (0 as2 2 (0 asy =0
[aa1 a4z asaz asa| |O] 0 a0 0 e = 0
fa11 a1z a3z aig] [O] 0 [a13] 0 (a13 =0
a1 aze azz ag| (O _ h {0 o, e _ h {0 N az3 =0
az1 as2 aszz asg| |1 2 |1 ass 2 |1 ass = —h/2
[a41 a4z a3 asa]| |O] 0 | ay3 0 s =0
fa11 a1z a3z aig] [O] 0 [a14] 0 aig =0
a1 aze azz ag| (Of _ 3h |0 N 7Y R 3h |0 N azs =0
azr azz azz ass| |0 2 (0 a34 2 |0 ass =0
[a41 a4z a3 aaa| [1] 1 o 1 Gas = —31/2
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Therefore, using ‘% %> and ‘% %> and ‘% %1> and }% %3> as a basis, the matrix representing S, for
a particle of spin 3/2 is

\V]
O O O W
O O = O
O?l—‘OO
w o o o

The operators, S, and Sy, are defined in terms of the raising and lowering operators, Sy and S_,
by

S+:Sx+25y N S+:S$+lsy

S_ =8, —iS, S_=S,—iS,

Add the respective sides of these equations to eliminate S,.
1
S, +S_=25, — Sx:§(5+—|—S,) (1)
Subtract the respective sides of these equations to eliminate S,.
1
Sy —=S_ =25, — S,= ?(SJF—S_) (2)
i

Use Equation 4.136 on page 166 to determine the matrix equations involving S, .

33 35
S+ 22>—0‘22>
31 33 =0
S 22>:h\/§‘22> Six2 =h3x1
Sylsms) = hy/s(s +1) —mg(ms + 1) |s (ms+1))  — =
S, 31N 3L Sixs = 2hxe
2 2 22
4 s - Sixa=hV3x3
S 22>:W§‘22>
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These four matrix equations yield a system of equations for the matrix elements of S,.
[a11 a2 a1z as| [1] 0 [a11] 0 an =0
as1 =0
ag1 Q22 a3 a24 0 _ 0 = a1 _ 0 N 21
az1 azz azz azs| |0 0 asi 0 a1 =0
la41  aa2  a43 agq| [O] 0 | Q41 | 0 ag =0
[a11 a2 a3 aia] [O] 1 [a12] 1 a12 = hv/3
1 0 0 asp =0
ag1 a2 a3 G2 — W3 o922 _p3 N 22
az1 agz aszz azs| |0 0 azs 0 ass =0
la41  aa2  a43 agq| [O] 0 | Q42 | 0 4y = 0
[a11 a2 a1z aid| [O] 0 [ai3] 0 a1z =0
0 1 1 ass = 2h
ag] a2 a3 G24 e |92 _op N
azr azz azz az4| |1 0 ass 0 asz =0
la41 a42 as3 ags| |O] 0 | @43 | 0 lay3 =0
[a11 a2 a3 aia] [O] 0 [a14] 0 @14 =0
g 0 0 0 agqy = 0
G21 Q22 (23 a24 — W3 o |2 _ 3 N
azr azz azz ass| |0 1 a4 1 asy = V3
la41 a4z a43 agq| [1] 0 | Q44 | 0 =0
Therefore, using ‘f 7> and ‘% %> and ‘% 71> and }% _73> as a basis, the matrix representing S, for

a particle of spin 3/2 is

o O O
O O N O

0
0
V3
0

Use Equation 4.136 on page 166 to determine the matrix equations involving S_.

S_|sms) = hy/s(s + 1) — mg(ms
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=

S_x1 = V3 x2
S_x2 = 2hxs
S_x3= h\/§X4
(S—x4=0
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These four matrix equations yield a system of equations for the matrix elements of S_.

- S - - ( -0
air a2 a1z ai4| (1 0 a1 0 @1 =

0 1 1 ag1 = hV/3
a1 G2 a23 A24 3 o |2 _py3 21
azi azx aszz aszg| |0 0 asi 0 as; =0
laa1 @42 a43 aqa] |0] 0 | 41 | 0 aag =0
[a11 a2 a3 aia] [O] 0 [a12] 0 a1z =0

1 0 0 agsp =0
a1 a2 a3 G24 _ ok (a2 oy
agy azz aszz ass| |0 1 a3 1 asy = 2h
la41  aa2  a43 agq| [O] 0 | Q42 | 0 Lage = 0
[a11 a2 a3 aia] [O] 0 [a13] 0 a13 =0
a a a a 0 0 a 0 az =0

21 @G22 G23 a24 — 3 _ B| _ 53

az1 ag2 asz ass| |1 0 ass 0 azz =0
la41 a4z a43 agq| |O] 1 | @43 | 1 aus = 3
[a11 a1z a1z aid| [O] 0 [a14] 0 arg =0
a21 Q92 G23 Aa24 0 . 0 N az4| 0 azs =0
azr as2 aszz azs| |0 0 az4 0 ass =0
la41 a42 as3 ags| |1] 0 | Q44 | 0 lau =0

Therefore, using %%> and ‘% %> and ‘% _71> and }% _73> as a basis, the matrix representing S_ for

a particle of spin 3/2 is
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1
Sy = 5:(S+ =S-) =

o O O o

0 vV3 0 0 0
1,10 02 of V3
2 0 00 V3 0

0 00 O 0

[ 0 V3 0 0
_h|=V3 0 2 0
9 0 —2 0 V3

| 0 0 —vV3 0

0 —v3 0 0

g _ih|v3 0 =2 0
Y7210 2 0 —V3
0 0 V3 0

o N OO

%OOO

o O o O
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And by Equation (1), using the same basis, the matrix representing S, for a particle of spin 3/2 is

1
So = 5(S++5-)

0 v/3 0 0 00 00
1 0 02 0 V3 0 00
=310 o0 w3 T" 02 0o
0 00 0 00 v3 0
0 v3 0 0
_ L[y v3 o020
2 0 2 0 V3
L 0 0 V3 0
0 vV3 0 0
g _M|v3 0 2 0
7201 0 2 0 V3
0 0 V3 0
The eigenvalues of this matrix satisfy
det(S, — Al) =0
0 v3 0 0 1000
Alv3 0 2 0 01 00
13510 2 o v3 Moo oll0°
0 0 V3 0 00 01
'3
A BB
L
=0
3
0 h -\ b
W3
0 0 b5 _)
A h 0 VE R
Al A = ﬁT\/g_hi\/g 0 ) MBl—)
2 2
hv'3 0
0 B 0 BE
N E W3 _\ /3
PN PN 2 S (e A W IV e A
R R
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Solve the equation for A.

A [A ()\2— ?’Zz> +h(—h)\)] — ?’Zz <)\2 — 34’#) =0

() G662 -

yo{_3r R 3k
- 27 27272

These are the eigenvalues of S,—the possible values one would obtain if he or she measured S, on
a particle of spin 3/2. The eigenvalues of S, and S, happen to be the same.

det(Sy — A\yl) =0 det(S. — A:1) =0
1hv3
—Xy { 0 0 3h_ A, 0 0 0
s N\ —ih 0 0 h_x 0 0
ih _h_
0 ih -, —3 0 0 5= 0
0o o0 s 0 0 0 2 ~ M
5h? 9nt 3n h h 3h
Ay — N+ — = e 1 e L o
e (T ) () e
W[ 30 hoho3h \ [ 3h hoh3h
Y 27 27272 Tl 27 27272
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